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I, INTRODUCTION

It was shown in the technical memorandum by James, Kelly, and
Lowry [1] that coning motion about a reference axis in a rigid
body could produce a net angular rotation about the reference
axis even thoughL/.\cor dt = 0, where w.. is the angular velocity of
the rigid body about the reference axis. To be more specific, if
a rigid body is rotated about two axes perpendicular to each other
and to the reference axis in such a manner that the reference
axis generates a cone and then returns to its original alignment,
then the rigid body will have rotated about the reference axis
an amount equal to the area swept out on a unit sphere whose center
is at the origin of the coordinate system of the body, while the

J[zor dt = 0. Since the ideal SAP measures the angle e'=b/\wr dt,
coning motion will cause the SAP to rotate about its reference axis
even though this rotation will not show up in 6. Such is not the
case with the analytic platform since the transformation is based
on the rate of the change of the © outputs of the SAP's, not on

the 6's themselves.

In the report by Lowry [2], it was shown that the solution to
8
a set of differential equations, knowing the exact angular velocity
of a vehicle and initial orientation of the vehicle with respect -

to an inertial reference, would yield the new orientation of the

vehicle. If the SAP's are exact, the rate of change of their 8



outputs will be the exact angular velocities about their reference
axis. If the outputs of the SAP's are used to provide the exact
angular velocities of the vehicle for the analytic platform, then
the vehicle orientation will be known even though the SAP's could
be in error due to coning motion,

One question concerning the analytic platform is the uniqueness
of the solution, i. e,, if the exact angular velocity of the vehicle
is known, is the solution to the transformation differential equations
unique? The answer is yes and uniqueness is proven in the following

section,



II, UNIQUENESS OF TRANSFORMATION SOLUTION

Let

X, = £ (Xg, Xgyo0e, X, £) ' i=1,2,°**,n (1)
define a set of first order differential equations. Let

fi(xl’ Xp,**c, Xn, t) be n real valued functions of the nt+l real
variables xq,°°°, Xy, t defined and continuous* on an open

region { of an’(l+n)-dimensional euclidean space. If fj(x7, X25°°° 3%y, t)
satisties Lipschitz conditions, presented in (2), then there exists

a unique solution satisfying the given initial conditions. The

formal theorem and its proof may be found in almost any standard

text on advanced differential equations; the book by Nemytskii and

Stepanov [ 3] presents an excellent, though formal, proof for the

proof in a more readable form for the engineer.
- The Lipschitz condition is:

lfi(xl*s.XZ s°ee, Eg¥, t) = fi(Xr+’ Xi+’.°°’ xﬁ+’ t)l
(2)
n
SLZ ‘xi*"xi+l» i=1, 2,°**, n

s

i=]

for any two points (%1%, Xp¥*,°°°, Xp¥, t) and (x1+; x2+,°°', xﬁ+, t)

in £. L is a constant and is referred to as the Lipschitz constant.

*That fj(x;, %x9,°*°, X, t) is continuous in X; and t shall
mean joint continuity; that is, given € > O, there exists a & > 0,
such that Ifi(X1, X95°°°, Xn t) - fi(Xl', Xz"ooo’ Xn', t')l <e€
whenever ]xi - xi'[ < ® and 1t - t'] < %,

3




One method of satisfying the Lipschitz conditions is to use
the Law of the Mean [5,6]., By applying it to the functions in

(1), the following results are obtained:

fi(x]_*s ¥, eee, Xp¥, ) - fj_(x1+: X2+:“'°: X~n+: t)

n (3)
: (R X = . + .
afl (Xi, xz’co.’ xn’ t) (XJ* - Xj ) i = 1, 2’...]’,13
where ;j lies between xj* and x5+. Taking the absolute value of (3),

+ +
]fi(xi*’ "2 2°° %, Xn*, t) - fi(x]_ Y X2 5°°°%, +: t) l

L afiH . (%)
< S [X¥ - X, o
< ) Istege -y
j=1
3%; _
The S;f are assumed to exist and to be continuous for i, J= 1,°*°,n.
J.
If the’ Efi are bounded, then there will be a Ljj such that
axj
of; ‘ .
l l S Lij’ i, = 1:“”: n . (5)
- 0%,
J
Let
L =max L (6)
1,j

and thén‘substitute (6) into (&).

lfi(xl*i xz*’“." Xp¥, t) - f1'.(x1+: X2+a°”= xgt, ) L@
StL il (5% - Xj'")!,
=1
which is also the Lipschitz conditioms.
From the report by Lowry (2], the following differemtial equations

relating the transformation matrix (from a vehicle coordinate system



to a space-fixed coordinate system) to the angular velocities of

one of the coordiante systems (vehicle coordinate system) are

presented below.

€11 = ¢12 %z -

€12 = €13 ¥ -
€13 =‘c11 ¢y -
22 = C23 %
_c23 = c21 ¢y -
?31 = c32 ¢z -
c32 = c33 ¢x -
033 = c31 ¢y -
where
L] _ [ ] 6 *
¢ = ¢x i, + ¢y

is the angular velocity of the vehicle and

Xg [-cll

Vg = €21

Zg €31

€13

€12

€12
€22
€32

¢
€11 cbz
]

X
>CZ3 ¢y
c21 ¢z
C22 ¥y
c33 ¢y
c31 ¢z
€32 ¥
A [ ]
Byt ¢

<=13_l Xy

€23 Iv

€33 Zy

(8a)

(8b)

(8¢)

(9

(10)

By applying the Law of the Mean to the right-hand side of (8a),



(8b), and (8¢)

to (8a), (8b),

The right-hand

and taking the absolute values, i. e., applying (4)

and (8c), the following equations may be obtained:

S RS = P PSS P P PR [Py
e11¥0y = eqgtog + oo, (<o, | feg ¥mcy T+ oy | [eqgr-cyst]
e1g*tx - c11+;y + cqptoxl<] ‘;yl lexp*-c1g® [+ |ox] [e12%-c12t ]
°23*‘.’y - cpros + ca3*oy|<loz] Iczz*-cz2+i+l;>yl leg3%-c237|
cartoz = caztey + cprton |0yl lcarrmcart I |ox [c22%-cor*]
€pp*0y - c21+;y + c22+‘;yl_<1;yl |ear*-ca1t [+]o_|[e2zt-cs®|
cagroy = e3p oz + e33vey|<lon] leaze-car” I [0y | leggrmcas
e31%0y = e33tex + e3rto,|<[o, | lesrrmesyt ]y | [eggtmeast]

cagtox = c3ptey + c3otog|<loy|earr-cay I+ o legpr-cant]

(1L

sides of (8a), (8b), and (8c) are continuous and

bounded, and the angular velocities of the vehicle are continuous

and bounded. Equation (11) is the Lipschitz condition if L is

taken as the maximum value of l¢x[, ]¢y| or I;zl and this value

substituted into (11) in plaee of all the lél's. Therefore, the

soultions to (8a), (8b), and (8c) are unique for a given set of

initial conditions. ' N
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